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S U M M A R Y 

We introduce MTUQ, an open-source Python package for seismic source estimation and 

uncertainty quantification, emphasizing flexibility and operational scalability. MTUQ provides 
MPI-parallelized grid search and global optimization capabilities, compatibility with 1-D and 

3-D Green’s function database formats, customizable data processing, C-accelerated waveform 

and first-motion polarity misfit functions, and utilities for plotting seismic waveforms and 

visualizing misfit and likelihood surfaces. Applicability to a range of full- and constrained- 
moment tensor, point force, and centroid inversion problems is possible via a documented 

application programming interface, accompanied by example scripts and integration tests. We 
demonstrate the software using three different types of seismic events: (1) a 2009 intraslab 

earthquake near Anchorage, Alaska; (2) an episode of the 2021 Barry Arm landslide in Alaska; 
and (3) the 2017 Democratic People’s Republic of Korea underground nuclear test. With these 
events, we illustrate the well-known complementary character of body w aves, surface w aves, 
and polarities for constraining source parameters. We also conv e y the distinct misfit patterns 
that arise from each individual data type, the importance of uncertainty quantification for 
detecting multimodal or otherwise poorly constrained solutions, and the software’s flexible, 
modular design. 

Key words: Inverse theory; Earthquake monitoring and test-ban treaty verification; Earth- 
quake source observations. 
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 I N T RO D U C T I O N  

ccurate estimation of seismic source parameters is important
or understanding regional and global tectonic processes, assess-
ng seismic hazards, and monitoring compliance with nuclear test-
an treaties. Two primary mathematical models used to represent
eismic point sources are (1) the moment tensor , a second-order ,
ymmetric tensor M ∈ R 

3 ×3 , suitable for representing small- to
oderate-sized seismic events (Aki & Richards 2002 ); and (2) the

oint force f ∈ R 

3 , appropriate for mass movements such as land-
lides and volcanic eruptions (Kanamori & Given 1982 ). Opera-
ionally, hundreds of inversions for such sources are carried out
ach da y (e.g., Ha yes et al. 2009 ; Herrmann et al. 2011 ; Ekstr öm
t al. 2012 ). 
C © The Author(s) 2025. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
The moment tensor M is defined as a symmetric second-order
ensor that can be expressed as 

 = U � U 

T , (1) 

here U is the or thonor mal matrix of eigenvectors ( UU 

T = I ),
hich define the source orientation, and � is the diagonal ma-

rix of eigenvalues ( λ1 ≥ λ2 ≥ λ3 ), which describe the source type
nd magnitude. This provides a natural framework for source
arametrization and visualization. 

Accurate characterization of seismic sources remains challeng-
ng, despite the relati vel y low number of parameters required to
efine moment tensors or point forces. Low signal-to-noise ratios,
naccurate Earth models (e.g. Ford et al. 2009a ; Duputel et al. 2014 ;
h a . m & Tka ̆lci ́c 2021 ; Hu et al. 2023 ) or tradeoffs between related
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source types (Ford et al. 2010 ) give rise to multimodal or otherwise 
challenging misfit spaces. The misfit space for small or sparsely 
observ ed ev ents can e xhibit multiple minima, causing conv entional 
local-optimization methods to fail. Even for larger events recorded 
b y man y stations, the misfit surfaces over source type or orientation 
may exhibit complicated patterns that error bars, ellipses or other 
simple methods fail to capture. Uncertainty analyses established by 
early studies provided a means to detect and quantify such misfit 
complexity (e.g. Riedesel & Jordan 1989 ; Valentine & Trampert 
2012 ; K äufl et al. 2014 ; St ähler & Sigloch 2014 ). More recent 
geometric parametrizations (Tape & Tape 2012 , 2015 , 2016 ) have 
made moment tensor uncertainty quantification easier, facilitating 
visualization of higher dimensional spaces and reducing distortion 
in the projections. 

We present MTUQ (Moment Tensor Uncertainty Quantifica- 
tion), a Python toolbox for seismic source estimation and uncer- 
tainty quantification that uses these new parametrizations to imple- 
ment moment tensor and force parameter searches. MTUQ com- 
bines source parameter exploration with a flexible software design, 
in which users can adapt example scripts for common inversion 
tasks or implement fully customized w orkflo ws, dra wing from an 
API that supports a variety of research avenues and operational 
applications. 

MTUQ has been used in several studies (Thurin et al. 2022 ; Del- 
bridge et al. 2023 ; Kintner et al. 2023 ; Kumar et al. 2023 ; Thurin & 

Tape 2023 ), yet its design and capabilities have not yet been thor- 
oughly discussed. Below, we first recall the formulation of source 
estimation as a function minimization problem, with optional ‘cut- 
and-paste’ time-shift corrections to account for Earth model errors 
(Zhu & Helmberger 1996 ). We then describe MTUQ’s structure, 
features, and usage. Finally, we apply it to three test cases: (1) a mo- 
ment tensor inversion for an intraslab earthquake; (2) a point force 
inversion for an episode of the Barry Arm landslide in south-central 
Alaska; and (3) a moment tensor inversion for the 2017 Democratic 
People’s Republic of Korea nuclear test. 

2  P O I N T  S O U RC E  E S T I M AT I O N  

Point source estimation can be framed as a function minimization 
prob lem, in w hich we determine the seismic source s —w hich is 
typically either a moment tensor M or a force f—that minimizes 
the misfit 

C ( s ) = 

N ∑ 

r= 1 

3 ∑ 

i= 1 

∫ T 

0 

[
u i ( x r , t ; s ) − u 

obs 
i ( x r , t) 

]2 
dt, (2) 

between observed data u 

obs 
i ( x r , t) and synthetic data u i ( x r , t ; s ) , with

N denoting the number of stations, T the length of data window 

over time t , and u i ( x r , t) the i th component of the displacement at 
the r th station location x r . The misfit function here is written using 
the L 2 -norm of the residuals, and other norms can alternati vel y be 
used. 

The displacement response u to a moment tensor M or a point 
force f at source location x s and origin time t 0 is given by (Shearer 
2009 ) 

u i ( x , t ; M ) = S( t) ∗
3 ∑ 

j= 1 

3 ∑ 

k= 1 
M k j 

∂G i j 

∂( x s ) k 
( x , t, x s , t 0 ; V ) , (3) 

or 

u i ( x , t ; f) = S( t) ∗
3 ∑ 

j= 1 
f j G i j ( x , t, x s , t 0 ; V ) , (4) 
respecti vel y, where S( t) is the source–time function and G is the 
impulse response (i.e. Green’s functions) of the Earth model V . 

In terms of Green’s functions, the misfit function (eq. 2 ) can be 
written concisely as 

C ( s ) = ‖ u 

syn − u 

obs ‖ 2 , (5) 

where u 

syn is obtained from the linear combination G s , and the tem- 
poral dependence and source time convolution having been made 
implicit. This concise formulation shows that the forward problem 

can be carried out using pre-computed Green’s function databases, 
as the synthetics become just a linear combination of Green’s func- 
tions and source terms. 

2.1 Uncertainty in the source characterization problem 

Uncertainty in source estimation problems arises from data noise 
and model errors, while the source–receiver geometry influences 
the ability to resolve the source by affecting data coverage and sen- 
sitivity (e.g. azimuthal gap, stations aligned with the nodal plane 
of the source). While data noise is embedded in the observed data 
u 

obs , model error arises from limitations of V which will not fully 
capture the Earth’s physical properties, as well as numerical errors 
in computing synthetics. In practice, Earth model limitations can 
be partly alleviated through the so-called ‘cut-and-paste’ (CAP) 
method (e.g. Zhao & Helmberger 1994 ; Zhu & Helmberger 1996 ; 
Zhu & Ben-Zion 2013 ) at local and regional scales (typically within 
0–20 ◦ distance). CAP works by par titioning wavefor ms into filtered 
and windowed body and surface wave phases and e v aluating the 
misfit ( 5 ) between observations and time-shifted synthetics. Be- 
cause at long periods, model error manifests primarily through 
phase misalignment, the CAP method can provide w ell-beha ved 
long-period measurements and has become widely adopted in re- 
gional seismology. A common approach for determining the nec- 
essary time-shifts is to maximize the normalized cross-correlation 
coefficient: 

χ ( t) = 

∫ ∞ 

−∞ 

u 

obs ( τ ) u ( t + τ )dτ(∫ ∞ 

−∞ 

( u 

obs ( τ )) 2 dτ
∫ ∞ 

−∞ 

( u ( τ )) 2 dτ
)1 / 2 

. (6) 

The maximum of χ ( t) usually occurs when the observed and syn- 
thetic waveforms are correctly aligned, but this may not be the 
case for nodal components or when cycle skipping occurs. MTUQ 

allows users to e v aluate the misfit function (eq. 5 ) either in its origi- 
nal form or using the CAP method (i.e. with time-shifted synthetics 
based on eq. 6 ). Because these misfit function e v aluations are the 
most computationally e xpensiv e step in the whole parameter esti- 
mation problem, MTUQ provides highly optimized misfit function 
implementations, as described in Section 3 . 

2.2 Parameter space exploration strategies 

A simple but powerful way to estimate seismic point sources is to 
e v aluate the misfit at regular intervals over the source parameter 
space. Such searches may include source type, source orientation, 
magnitude, depth, centroid, and origin time parameters, resulting in 
grids of up to 10 dimensions. Evaluating the misfit function over the 
grid yields the minimum misfit solution along with the accompany- 
ing local and global structure of the misfit surface. In practice, we 
use the moment tensor parametrization proposed by Tape & Tape 
( 2015 ) to construct grids that are either regularly spaced or randomly 
drawn from a uniform distribution. Unlike the M i j parametrization, 
T ape & T ape ( 2015 )’s approach involves bounded ranges for source 



Moment tensor and uncertainty quantification 1375 

t  

u  

t  

p  

a  

s
 

p  

s  

s  

c  

b  

t  

o
 

p  

o  

2  

(  

S  

c  

s  

m  

b  

m  

t  

m  

a  

g  

p
 

a  

M  

m  

t  

(  

f  

&  

s  

p  

a  

e
 

2  

o  

a  

b  

f  

q

3

M  

t  

l  

Z  

2  

O  

D  

i  

g  

v  

i  

f  

(
 

a  

i  

d  

l  

p  

r  

&  

a  

E  

f
 

e  

i  

c  

e  

f  

C  

f  

e  

c  

t  

o  

a  

a  

fi  

i
 

a  

e  

m  

p  

o  

T  

s  

l  

V  

v  

g  

s  

w  

t  

w  

b  

r
 

t  

i  

e  

S  

G  

I  

f  

e  

G  

m
 

a  

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/241/2/1373/8052011 by guest on 06 M

ay 2025
ype and orientation, making it possible to avoid arbitrary lower and
pper limits (the source magnitude is still unbounded). Evaluating
he misfit function over individual grid points is an embarrassingly
arallel problem, making it easy to implement on parallel systems,
lthough limits posed by dimensionality make high-dimensional
earches impractical. 

For high-dimensional searches, we can turn to more efficient sam-
ling strategies, which tend to prioritize low-misfit over high-misfit
ubsets of the parameter space. Among strategies that retain a grid
tructure, Xu et al. ( 2021 ) proposed a double-grid approach with
oarse-to-fine grid search strategies. Another approach suggested
y Lee et al. ( 2011 ) takes advantage of a coarse grid search and uses
he best solution as the starting point for a Gauss–Newton iterative
ptimization method. 

Another common strategy is to cast the moment tensor inversion
roblem in the Bayesian framework, using function-informed meth-
ds (e.g. Vack á ̌r et al. 2017 ; Pugh & White 2018 ; Ph a . m & Tka ̆lci ́c
021 ; Hu et al. 2023 ) such as classical Markov chain Monte Carlo
MCMC) algorithms, or g radient-infor med methods (Fichtner &
imute 2018 ), such as Hamiltonian Monte Carlo (HMC). Given the
hallenges associated with convergence in Bayesian inversion, grid
earches remain valuable as they provide a comprehensive bench-
ark for e v aluating the accuracy and performance of these proba-

ilistic approaches, particularly when exploring high-dimensional
isfit surfaces. Grid searches are also the basis of formal uncer-

ainty quantification which require a uniform sampling of the mo-
ent tensor space (Tape & Tape 2016 ). As such, MTUQ’s primary

pproach for source parameter estimation is based on e xhaustiv e
rid searches, offering a systematic and complete exploration of the
arameter space. 

Beyond grid searches, MTUQ’s modular design accommodates
dvanced solvers as optional plugins. For example, the Covariance
atrix Adaptation Evolution Strategy (CMA-ES; Hansen & Oster-
eier 2001 ; Hansen et al. 2015 ), a gradient-free global optimiza-

ion method with self-tuning that has performed well in blind tests
Akimoto et al. 2010 ; Glasmachers et al. 2010 ), has been success-
ully applied in prior source studies (Thurin et al. 2022 ; Thurin
 Tape 2023 ). It allows addressing higher dimensional problems,

uch as joint inversion for source and centroid parameters or multi-
le subevents characterization. MTUQ’s modular structure has also
llowed us to pair it with a Hamiltonian Monte Carlo sampler (Ding
t al. 2021 ) through SEISGen. 

In this study, we expand on pre vious ef forts (Thurin et al.
022 ; Thurin & Tape 2023 ) that applied new optimization meth-
ds to moment tensor in version. Belo w (Section 4.3 ), we present
 combined w orkflo w that uses CMA-ES, which we found to
e especially promising, for initial source parameters estimation,
ollowed by grid searches for quality control and uncertainty
uantification. 

 S O F T W  A R E  I M P L E M E N TA  T I O N  

TUQ provides a flexible Python library for seismic source es-
imation and uncertainty quantification. Along with conventional
 1 and l 2 misfit e v aluation, it implements the CAP algorithm of
hu & Ben-Zion ( 2013 ) and its extensions (e.g. Alvizuri & Tape
016 ; Silwal & Tape 2016 ; Alvizuri et al. 2018 ). Building on
bsPy and Instaseis data structures (Krischer et al. 2015 ; van
riel et al. 2015 ), MTUQ offers data misfit and data process-

ng functions, local and remote Green’s function database clients,
rid search and global optimization capabilities, and a range of
isualization utilities. Customization is possible by either replac-
ng default functions with user-defined ones or through a flexible
rontend/backend architecture using object-oriented programming
e.g. subclassing). 

MTUQ users define body-wave and surface-wave windows sep-
rately, allowing each set of windows to be weighted and normal-
zed on its own. This approach prevents the inversion from being
ominated by the large amplitudes of surface waves, while also al-
owing more control and flexibility on the misfit definition. Distinct
re-processing steps, such as bandpass filtering and time-shift cor-
ections, can also be applied to each wave type. As shown by Zhu
 Helmberger ( 1996 ), treating body and surface w aves indi vidu-

ll y le verages their respecti ve sensiti vities to dif ferent parts of the
ar th’s str ucture and accounts for their strengths within differing

requency bands. 
Waveform misfit functions are implemented with Cython accel-

ration (Behnel et al. 2011 ) and optional MPI parallelization, mak-
ng them suitable for either consumer-grade or high-performance
omputing (HPC) systems and adaptable to both research and op-
rational needs. MTUQ includes several implementations of misfit
unctions, ranging from readable, pure Python versions to optimized
/Python versions. The pure Python versions are useful for veri-

ying the correctness of the more optimized ones. In addition to
 v aluating w aveform misfit, MTUQ can use first-motion polarities
omparing observed and predicted first motions to further constrain
he source estimation. Misfit objects define various user-supplied
ptions, such as the norm to use (L1, L2 or hybrid L1-L2), allow-
ble time-shifts, and time-shift groupings (e.g. separating Rayleigh
nd Lov e wav es by components). This fle xible structure offers users
ne-grained control over how dif ferent w aveform types are treated

n the inversion. 
MTUQ supports the SAC data format (Goldstein et al. 2003 )

nd makes e xtensiv e use of ObsPy data structures, with most op-
rations on seismic traces handled by ObsPy Stream() and Trace()
ethods. In addition to providing seismic data, users can optionally

rovide a data weight file, which controls the relative contribution
f individual stations and components to the overall data misfit.
his weight file also allows for tuning body wave arri v al times,
tatic corrections (per-station correction to account for path effects
arger than the allowable time-shift), and other windowing settings.
ertical and radial P waves, as well as vertical, radial, and trans-
erse surface waves, can be adjusted independently. The effect of
eometrical spreading can also be compensated via an amplitude
caling relationship based on distance (Zhu & Helmberger 1996 ),
hich helps reduce the misfit contribution from amplitude decay

hat is otherwise unaccounted for. The weight files are designed
ith data sharing in mind, so that, when used with MTUQ li-
rary functions, data processing and misfit e v aluation results can be
eproduced. 

Interfaces are provided for computing synthetics through elas-
ic wav e solv ers and Green’s function databases (Table 1 ),
ncluding FK (Zhu & Rivera 2002 ), AxiSEM (Nissen-Meyer
t al. 2014 ), SPECFEM3D Cartesian (Komatitsch et al. 2004 ),
PECFEM3D GLOBE (K omatitsch & T romp 2002 ) and strain
reen’s functions generated with SEISGen (Ding et al. 2021 ).

f no local Green’s function databases are available, MTUQ can
etch Green’s tensors from the IRIS syngine web service (Krischer
t al. 2017 ), which provides three-component AxiSEM-generated
reen’s functions for periods as low as 2 s for various 1-D Earth
odels. 
Finally, utilities are provided for visualizing MTUQ grid search

nd global optimization results. Currently utilities are based on
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Table 1. Numerical solvers supported by MTUQ for the computation of Green’s functions databases. 

Supported solver Numerical method Type of model 
High-performance 
computing features Notes 

AxiSEM Spectral element method Axisymmetric/ radially 
symmetric 

OpenMP parallelization, parallel I/O Preferred solver for 1-D 

models 
FK Frequenc y-wav enumber 

method 
Horizontally layered N/A Suited for local scales 

SPECFEM3D/ 3D GLOBE 

(source-side mode) 
Spectral element method Fully 3-D Hybrid MPI + OpenMP parallelization, 

GPU acceleration, parallel I/O 

Green’s functions stored at 
individual stations 

SPECFEM3D/ 3D GLOBE 

(receiver-side mode) 
Spectral element method Fully 3-D Hybrid MPI + OpenMP parallelization, 

GPU acceleration, parallel I/O 

Green’s functions stored over 
source volume; 
implementation based on 
reciprocity theorem 

Syngine precomputed 
databases 

N/A Limited selection of radially 
symmetric whole-Earth 
models 

N/A Precomputed synthetics 
available for download via 
web service 

Figure 1. Schematic representation of MTUQ’s code structure. The modular nature of the code is depicted by interconnected boxes, each representing a 
default tool that can be swapped out for alternative external libraries as needed. Modules in this flowchart can be replaced or extended via function and 
method overloading. CMA-ES refers to the Covariance Matrix Adaptation Evolution Strategy by Hansen & Ostermeier ( 2001 ), and HMC refers to Hamiltonian 
Monte-Carlo (Duane et al. 1987 ), two external solvers tested in conjunction with MTUQ. 
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Matplotlib and optionally on Generic Mapping Tools (Wessel & 

Smith 1991 ) and its Python interface PyGMT (Tian et al. 2024 ), 
with support for additional graphics backends possible through a 
frontend/backend architecture. Available functions include those 
for plotting misfit, likelihood, v ariance reduction, and tradeof fs 
(source-type versus magnitude, source-type versus depth) over point 
source parameters, as well as for visualizing how related station 
and trace attributes (such as misfit, time-shifts, normalized cross- 
correlation coefficient, and amplitude ratios) vary geographically. 
Using parametrizations from Tape & Tape ( 2012 , 2015 ), we can plot 
marginal likelihood distributions over the moment tensor’s angular 
distance (Tape & Tape 2016 ) and within the so-called v- w space to 
quantify the probability that the true solution lies in the vicinity of 
the minimum misfit region. 
The general MTUQ w orkflo w is represented in Fig. 1 . 

4  A P P L I C AT I O N S  

We apply the MTUQ methods and software to three seismic events, 
highlighting some important practical issues. These examples in- 
clude an intraslab earthquake, a landslide, and the underground 
explosion resulting from the 2017 DPRK nuclear test. For the first 
event, we compare results obtained by searching over different com- 
binations of source parameters and illustrate the main visualization 
capabilities. The second event demonstrates the code’s applicabil- 
ity to non-moment tensor cases, particularly in events involving 
mass movements. Finally, the third example illustrates the flexible 

art/ggaf080_f1.eps


Moment tensor and uncertainty quantification 1377 

Figure 2. Fundamental visualization utilities for MTUQ. (a) Waveform misfit plot headers for three inversions: double couple (DC, purple), deviatoric (DEV, 
green) and full moment tensor (FULL, yellow). Each header includes the event’s origin time, location, magnitude, depth, model, solver and misfit (L2). 
Location, depth and magnitude can be estimated during inversion. Additional details include body and surface wave time windows, strike, dip and slip angles, 
and lune coordinates ( γ , δ), along with the number of stations used: total number (N), stations used for the P -waves component (Np), and stations used 
for the surface waves component (Ns). (b) A subset of observed and synthetic waveforms for three out of 20 stations, displayed for the full moment tensor 
inv ersion. The fiv e columns represent P wav es (Z, R), Ra yleigh wa v es (Z, R) and Lov e wav es (T), with v ertical (Z), radial (R) and transv erse (T) components. 
Each waveform is labelled with three values: best time-shift in seconds, normalized cross-correlation coefficient and contribution to the misfit (percentage). 
(c) Moment tensor source type depicted using the eigenvalue lune. Three grid subsets are colour-coded to correspond with DC (purple), DEV (green) and 
FULL (yello w) sho wn in (a). Reference source types on the lune are indicated by black dots, with their corresponding longitude and latitude (black) and 
unnormalized eigenvalue triple (red). ISO denotes isotropic sources, LVD represents linear -vector -dipoles, CLVD stands for compensated linear -vector -dipoles 
and DC represents double-couple solutions. 
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rogrammatic interface in a detailed comparison of source type
erived from different seismic wave types and polarity data. 

.1 Case 1—2009 intraslab earthquake near Anchorage, 
laska 

e begin with an event included in the MTUQ examples directory:
 M w 4.6 intraslab earthquake that occurred on 2009 April 7, north
f Anchorage ( 61 . 45 ◦N, 149 . 74 ◦W) at 20:12:55 UTC. This event
as chosen for several reasons, including its magnitude (appropriate

or a point source approximation), its data coverage, and because it
 as pre viousl y studied in Silw al & Tape ( 2016 ), which can serve

s a baseline for comparison. Incidentally, this event also shares
imilarities in terms of location, orientation, and source type with
he M w 7.1 earthquake that occurred on 2018 November 30 (West
t al. 2019 ). 

We perform three different inversions using a double-couple
rid (DC), a deviatoric grid (DEV), and a full moment tensor
rid (FULL), each including a magnitude search. The DC grid
orresponds to the centre point of the eigenvalue lune, the DEV
rid covers the equator of the lune, and the FULL grid spans the en-
ire lune (Fig. 2 c). This progression from DC to DEV to FULL grids
eflects an increasing dimensionality of the source parameter space.
he centroid depth is fixed at 33 km, based on the Alaska Earthquake
enter catalogue. We removed the instrument response and rotated

he horizontal components to the radial and transverse directions for
ata processing. For this and all the following examples, we used
bsPy for data pre-processing and applied causal (one-pass) filters
 xclusiv ely. 

We use a 15 s window for P waves, bandpass filtered between
3, 10] s and a 150 s window for surface waves, bandpass filtered
etween [16, 40] s. Both windows begin at the predicted (or man-
ally picked) arrival time, determined using Taup (Crotwell et al.
999 ) with a specified Earth model (in this case, ak135f Mon-
agner & Kennett 1996 ). The allowable time-shifts are ± 2 s for
P waves and ± 10 s for surface waves, with Rayleigh and Love
 aves treated independentl y because the y trav el at different group
elocities. We search for magnitude from M w 4.4 to M w 4.7 over
egular increments of M w 0.1. 

art/ggaf080_f2.eps
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Figure 3. Waveform misfit plotted as a function of orientation parameters: (top left) strike versus dip, (top right) strike versus slip, and (bottom) dip versus 
slip. In this example, the moment tensor is constrained to be a double couple. The green circles indicate the best-fitting solution (optimal orientation/angular 
triplet) in the parameter space, which is strike κ = 208 ◦, dip θ = 49 ◦ and slip (rake) σ = −83 ◦. Each map quadrant only shows the best misfit value for each 
parameter pair by aggregating the best-fitting solutions across the third parameter and magnitude. 
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In Fig. 2 , we show the waveform comparison figure headers 
output by MTUQ for the three cases (DC, DEV, FULL). The headers 
list the best-fitting source and the inversion settings, including the 
solver and the Earth model. Because these settings are the same for 
all cases, differences between the best-fitting solution are related 
to the dimensionality of the source parameter space. We see that 
waveform misfit decreases with increasing grid dimensionality, as 
expected from the addition of free parameters. These results were 
obtained using the misfit function: 

C w ( M ) = 

n ∑ 

i= 1 

[
w s,i ( G s,i M − d 

obs 
s,i ) 

2 + w p,i ( G p,i M − d 

obs 
p,i ) 

2 
]
, (7) 

where i = 1 , ..., n denotes the n source-receiver pairs, G s,i repre- 
sents the i -th Green’s function for the surface waves time-windows, 
G p,i represents the i -th Green’s function for the P -wave time- 
windows, and M is the moment tensor source term. d 

obs 
s,i represents 

the i -th surface wave data and d 

obs 
p,i is the i -th observed P -wave 

data. The terms w s,i ∈ R 

3 and w p,i ∈ R 

2 contain scalar weights ap- 
plied to the residuals of the surface wave and P -wave windows, 
respecti vel y. 
Fig. 3 illustrates the misfit-parameter tradeoffs as a function of 
double-couple orientation. For each pair of angles in a misfit map, we 
consider all possible third angle values and all possible magnitude 
values, and then we plot the lowest misfit associated with the best- 
fitting parameters. (Thus, the plots are not cross-sections of the 
misfit function through parameter space.) The optimal solution (best 
orientation/angular triplet) is marked by a green circle across the 
three quadrants and corresponds to the value shown in the waveform 

plot figure header in Fig. 2 . 
MTUQ also allows for the simultaneous inversion of both source 

parameters and location by expanding the grid dimension to in- 
clude the source’s coordinates in space. In this case, the full source- 
parameter grid will be e v aluated for each source location (lati- 
tude, longitude, depth), enabling visualization of tradeoffs between 
source location and source parameters as shown in Fig. 4 for depth. 
As searching for depth (or latitude and longitude) increases the di- 
mensionality of the grid, it directly impacts the computational cost 
of the grid search method. In our experience, querying Green’s func- 
tions is typically not the limiting factor for grid search approaches, 
as the grid size is predefined and manageable. Ho wever , this can 
become a bottleneck for other optimization methods, such as CMA- 
ES or Hamiltonian Monte Carlo, where a larger number of sampled 
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Figure 4. Waveform misfit as a function of depth for the double-couple-constrained moment tensor inversion. The best-fitting moment tensor and magnitude 
at each depth are displayed along the curve. The variation in misfit with depth provides insight into the optimal source depth for this event based on waveform 

fitting and a given earth model. Each source depth is associated with a complete misfit volume with respect to orientation as in Fig. 3 , as the whole grid search is 
applied to each source depth. The dashed parabola is derived from interpolation of the three best-fitting points, to obtain an estimate of the best depth (inverted 
triangle at 43.4 km), as well as to provide an uncertainty estimate ( ±6 . 4 km for the values within 5 per cent of the minimum). The depth search increment is 
�z = 5 km, and the magnitude search increment is �M w = 0 . 1 . The depth of 33 km was added to the grid, in order to showcase the overlap between grids. 
The best-fitting moment tensor at 33 km depth is identical to the solution of Fig. 2 and is colour-coded accordingly. 

l  

t  

t  

o
 

r  

s  

v  

l  

t  

i  

o  

S  

c  

o  

n  

d
 

w

C

w  

t  

p  

n  

t  

i  

w  

fi  

c  

o  

i  

t  

m  

f  

w

4

T  

c  

(  

t  

r  

l  

c  

m  

l  

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/241/2/1373/8052011 by guest on 06 M

ay 2025
ocation points is often required. An example for conducting a cen-
roid search is also bundled with the code but is not presented in
his paper. For the sake of simplicity, we keep the catalogue depth
f 33 km for the subsequent results with this example event. 

When moving to the full moment tensor grid, the source pa-
ameter space includes not only orientation parameters, but also
ource type parameters, which can be visualized using the eigen-
alue lune (Tape & Tape 2012 ). The misfit map over the eigenvalue
une contains insights about the tradeoffs between different source
ypes, which can be useful for source discrimination (e.g. identify-
ng explosions or collapses) or to assess the distance of an inversion
utcome to the best double couple solution (Tape & Tape 2019 ).
imilar to the double-couple misfit maps, the lune misfit map is
onstructed by considering the best misfit value for each location
n the lune, taking into account all possible orientations and mag-
itudes. The L2-norm based misfit map on the eigenvalue lune is
isplayed in Fig. 5 . 

MTUQ also supports custom misfit functions C ( M ) , such as joint
aveform and first motion polarity misfit: 

 ( M ) = α
C w ( M ) 

|| u || 2 + (1 − α) 
C p ( M ) 

n p 
, (8) 

here C w ( M ) is the least-squares waveform misfit, normalized by
he data norm || u || 2 , C p ( M ) is the first-motion polarity misfit (ex-
ressed as the discrete number of mismatching polarities) over the
umber of observed first-motions n p , and α is a weighting fac-
or that controls the relative contribution of waveform and polar-
ty misfit terms, with α = 1 corresponding to purely normalized
aveform misfit and α = 0 corresponding to purely polarity mis-
t. In Fig. 6 , we show the results for the DC, DEV, and FULL
ases, with α = 1 and α = 0 . 5 . These results show the benefits
f including first-motion polarities as an extra constraint in the
nversion and highlight the advantages of customizable misfit func-
ions. The results also differ from those obtained using the absolute

isfit in Fig. 2 , as a consequence of modifying the misfit
unction, highlighting the importance of data normalization and
eighting. 

.2 Case 2—2021 Barry arm landslide 

he following example involves a surface mass movement that oc-
urred on the active Barry Arm landslide in south-central Alaska
 61 . 24 ◦N 147 . 96 ◦W) on 2021 August 9, at 07:45:50 UTC, fea-
ured as Barry Arm 3 in Karas özen & West ( 2024 ). This event
epresents one of several detected movements at Barry Arm, high-
ighting the site’s ongoing instability. The ability to determine force
haracteristics from seismic data is therefore a valuable tool for
onitoring this and similar unstable slopes, particularly in remote

ocations where direct observations may be challenging. The point
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Figure 5. Misfit map plotted on the eigenvalue lune (Fig. 2 c). The green 
circle depicts the best-fitting source type coordinates: lune longitude γ = 5 ◦, 
lune latitude δ = −36 ◦. The map shows only the best misfit value for each 
location on the lune, aggregated from the lowest misfit values across all 
orientations and magnitudes for a fixed source type, similar to the approach 
used for double-couple misfit maps. The depth is fixed at 33 km. The misfit 
map on the lune shows the best-fitting moment tensor for each source type. 
The double-couple and deviatoric tensor solutions from Fig. 2 are included 
in the full moment tensor grid and are highlighted using the same colour 
code as in Fig. 2 . 
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force approximation is generally favoured over a moment tensor for 
representing a mass moving along an inclined surface. This model 
was introduced by Kanamori & Given ( 1982 ) to explain the sur- 
face wave radiation patterns recorded from the Mount St. Helens 
flank collapse (and subsequent explosion) during the 1980 volcanic 
eruption. 

In this example, we consider data from 35 three-component 
broad-band seismic stations, bandpass filtered between [16, 40] s, 
allowing a ±35 s time-shift to account for imprecision in the onset 
time. The source depth is fixed at 0 km depth within the ak135f 1-D 

Earth model (Montagner & Kennett 1996 ). Due to the deficiency 
of short-period energy in the available data, the inversion was per- 
formed with surface waves only. Allowing a time-shift greater than 
a quarter of the dominant period of our waveforms can potentially 
introduce polarity-reversal biases (Braunmiller et al. 1994 ), which 
is present in the misfit map (Fig. 7 b). We consider force amplitude 
in the range of 10 [9 , 12] Newtons, with the exponent v arying b y 0.1 
increments. 

Fig. 7 (a) shows a subset of waveforms for the best-fitting point 
force, which points predominantly downward ( θ = 165 ◦) with a 
bearing of φ = 278 ◦ (measured counterclockwise from east). The 
downward direction might be explained by the steep slope of the 
Barr y Ar m landslide scarp. The best-fitting force is represented 
by a black diamond at the piercing point on the unit sphere. The 
associated misfit map is shown in Fig. 7 (b). The ambiguity be- 
tween upward and downward force arises from the polarity-reversal- 
bias, whereby a sign-flip of the force is accompanied by wave- 
forms that are time-shifted by more than a quarter of a period. 
Reducing the allowable time-shifts could help mitigate this ef- 
fect, though it may come at the cost of flexibility in accommo- 
dating errors in the Earth model or onset timing, which can be 
challenging to e v aluate in the case of a long duration, long-period 
signal. 

4.3 Case 3—2017 DPRK nuclear test 

On 2017 September 3 the Democratic People’s Republic of Korea 
(DPRK) conducted an underground nuclear test at the Punggye- 
ri Nuclear Test Site. This test marked the largest ( M w 5.24; Wang 
et al. 2018 ) in a series of six nuclear tests conducted over the 
previous years (Liu et al. 2018 ). A second, lower magnitude event 
was detected 8.5 min after the main shock, likely due to a collapse 
at the test site (Alvizuri & Tape 2018 ; Chiang et al. 2018 ), and 
background seismicity was observed in the weeks following the test 
(Tian et al. 2018 ). 

The 2017 event has been e xtensiv ely studied, as detailed in Ta- 
ble 2 . Research efforts have focused on yield estimation (Lay 2022 ; 
Stroujkov a 2018 ), e v ent location (Myers et al. 2018 ; P asyanos & 

Myers 2018 ), and characterization of the source parameters and 
post-test collapse mechanism using advanced seismic analysis (Yao 
et al. 2018 ; Walter et al. 2018 ; Wang et al. 2018 ; Liu et al. 2018 ; Chi-
ang et al. 2018 ; Alvizuri & Tape 2018 ; Hong et al. 2019 ; Hu et al. 
2023 ) and interferometric SAR imaging (Chi-Dur án et al. 2021 , 
2024 ). 

We revisit this event with a larger seismic data set and a com- 
putationall y ef ficient w orkflo w based on the CMA-ES algorithm in 
addition to the standard grid search method. 

4.3.1 Data acquisition and processing 

The data used for this event include regional body waves, surface 
waves, polarities, and teleseismic polarities, which have all been in- 
cluded in previous studies, though not yet together (Table 2 ). While 
prior studies have used similar data types in various combinations, 
our w orkflo w separates body- and surface-wave windo ws, weights 
each data type independently, and integrates polarities from both 
regional and teleseismic stations in a single inversion. By analysing 
each data type separately, we investigate the source constraints each 
one provides and its respective contributions to the overall misfit 
surface. 

For the body wave and surface wave analyses, we used wave- 
forms from 31 regional stations within 20 ◦ of the epicentre 
( 41 . 3 ◦, 129 . 078 ◦) using only publicly available networks. The 
three-component regional data are bandpass filtered between 4–
15 s for the body waves and 15–50 s for the surface waves. 
We used 25 s P -wave time windows, with the start times de- 
termined from the theoretical P waves arrival times using the 
TauP method (Crotwell et al. 1999 ) in the ak135f model (Mon- 
tagner & Kennett 1996 ). Surface wave time windows were set to 
250 s with a start time controlled by a constant linear moveout of 
3.8 km s −1 . 

For the first-motion analysis, we added data from 153 teleseismic 
stations between 20 ◦ and 100 ◦. We picked 10 first motions from 

the regional data set and 46 polarities from the teleseismic data set. 
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Figure 6. The influence of first-motion polarity measurements. (a)–(c) Results for P waves and surface waves only ( α = 1 in eq. 8 ) for (a) double-couple, 
(b) deviatoric, and (c) full moment tensor inversions. Green triangles indicate stations where predicted and observed first-motion polarities match, red triangles 
indicate mismatches and black crosses mark stations where data were available but no first-motion data were used. Triangle positions on the focal-sphere are 
determined by azimuth to the station and takeoff angle, computed using the ak135f model. (d)–(f) Results incorporating both waveform and polarity data 
( α = 0 . 5 in eq. 8 ) for (d) double-couple, (e) deviatoric and (f) full moment tensor inversions. 
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ll picked polarities were upward on the vertical raw (velocity)
aveforms. 
To ef ficientl y generate synthetic w a veforms, w e worked with

re-computed Green’s functions simulated using the 1-D model
DJ2 (Ford et al. 2009b ), with a 1 s dominant period, 20 ◦ lateral

xtent and 700 km depth extent. We used the spectral-element solver
xiSEM (Nissen-Meyer et al. 2007 , 2014 ) for the Green’s function

imulations and Instaseis (van Driel et al. 2015 ) for subsequent
ynthetic seismogram generation. 

To correct phase misalignment biases (i.e. cycle skipping), we
mployed a two-step process. First, we performed a preliminary in-
ersion that allowed for large time-shifts across all stations to iden-
ify systematic dela ys. T ime-shift corrections were then derived by
nsuring geographic consistency in the distribution of time-shifts
nd b y visuall y inspecting w aveform fits for e vidence of phase
isalignment. This step confirmed that eastward oceanic paths to-
ard Japan required up to 30 s of static corrections (Alvizuri & Tape
018 ), while the continental paths—including to station MDJ—
id not require any static correction. The custom static corrections
ere applied to selected stations to limit allowable time-shifts dur-

ng the final inversion to ±2 s for P waves and ±10 s for surface
aves. The combination of static corrections and shorter allowable
 s
ime-shifts reduces computational cost and reduces the emergence
f local minima having a source mechanism flipped in sign from
he true solution. 

.3.2 Method 

e use CMA-ES, which w as pre viousl y used to invert multiple
ubsources of the 2022 Hunga Tonga-Hunga Ha’apai volcanic
ruption (Thurin et al. 2022 ; Thurin & Tape 2023 ). Here, we
resent a simpler analysis using only a single source, which demon-
trates how initial CMA-ES model space exploration can be used
ith subsequent grid searches as part of an efficient combined
 orkflo w. 
In practice, we find that it is cost-ef fecti ve to explore a large

ange of depths and magnitudes using CMA-ES, from which a
maller range can be selected for subsequent grid searches. In
ddition to being computationall y ef ficient, CMA-ES is well-suited
or problems where model parameters (e.g. magnitude, source type,
ource orientation, and location) have different scales or units. Un-
ike grid search methods, it operates over continuous parameter
paces rather than a pre-defined discrete set. 
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Figure 7. Waveform misfit plots for a point-force inversion of the 2021 Barry Arm landslide ev ent. (a) Wav eform misfit plot comparing observed (black) and 
synthetic (red) waveforms generated by a best-fitting point force. The best-fitting force direction ( φ = 278 ◦, θ = 165 ◦) points predominantly downward; it is 
marked by a black diamond on the unwrapped sphere. A subset of 7 stations from the 35 used in the inversion is shown. (b) Waveform misfit map plotted on 
the unit sphere. Cardinal directions are labeled as W (west) and E (east) along their respective meridians. The southern direction is located along the central 
meridian labeled as S, and the nor ther n direction is on the boundary of the ellipse. A green circle marks the best-fitting force direction. 
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Table 2. Data sets used to determine the DPRK6 source type for a subset of published studies. 

P/S Regional Regional Regional Teleseismic Static 
Study ratio body surface polarities polarities deformation 

Yao et al. ( 2018 ) – –
√ 

– – –
Walter et al. ( 2018 ) 

√ 

– – – – –
Wang et al. ( 2018 ) –

√ √ 

– – –
Liu et al. ( 2018 ) – –

√ 

– – –
Chiang et al. ( 2018 ) – –

√ √ √ 

–
Alvizuri & Tape ( 2018 ) – –

√ √ 

– –
Hong et al. ( 2019 ) – –

√ 

– – –
Chi-Dur án et al. ( 2021 ) – –

√ √ √ √ 

Hu et al. ( 2023 ) – –
√ 

– – –
Chi-Dur án et al. ( 2024 ) – –

√ √ √ √ 

This study –
√ √ √ √ 
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Our CMA-ES implementation follows Hansen ( 2016 ), with the
ddition of boundary-handling constraint methods from Biedrzy-
ki ( 2020 ). Specifically, we implement a periodic boundary for the
trike angle and point force bearing (which varies from 0 ◦ to 360 ◦

nd can wrap around these limits) and a randomized redraw for
ther out-of-bound samples. A short re vie w of the CMA-ES algo-
ithm can be found in appendix A of Thurin & Tape ( 2023 ). We
se a population of 64 samples in each CMA-ES iteration, and run
he algorithm for 180 iterations (fixed), for a total of 11 520 func-
ion e v aluations. We then conduct a fine-scale grid search, which
ncluded a total of 5 . 977 × 10 7 grid points, using the magnitude
stimate from the CMA-ES inversion. We fix the source centroid at
1 . 30 ◦N, 129 . 08 ◦E, and 1 km depth. 

.3.3 Results for a moment tensor 

he misfit map obtained from 180 iterations of CMA-ES is dis-
layed in Fig. 8 , which reveals how CMA-ES focuses preferentially
n regions with low misfit. Once CMA-ES identifies a descent
irection, most subsequent samples are clustered in the upper por-
ion of the eigenvalue lune, consistent with an isotropic (e xplosiv e)
ource. 

The source that minimizes the misfit for our combined data set
s an explosion-like moment tensor, with M w 5.44, determined by
ptimizing over a continuous magnitude range of M w [5.1–5.9].
his result then informs the subsequent grid search, narrowing

he magnitude range to M w [5.42, 5.44, 5.46]. This focused ap-
roach prevents searching over an unnecessary large parameter
pace. In this way, the CMA-ES results serve as a prior con-
traint for the grid search. We perform the two-part inversions
CMA-ES and grid-search) using regional body waves (BW), re-
ional surface waves (SW), regional first-motion polarities (RP),
nd teleseismic first-motion polarities (TP) with equal weights ( w
 0.25) to ensure a balanced contribution to the normalized joint
isfit. 
Fig. 9 shows the best-fitting moment tensor and a selection of

aveform fits from the fine grid search. Since each misfit is e v al-
ated independently, MTUQ allows us to combine them in a post-
rocessing stage, enabling the computation of misfit maps for mul-
iple scenarios once the grid search is complete, as shown in Fig. 10 .
rom left to right, the figure shows the normalized misfit for [BW]
lone, [SW] alone, the combination of [BW, SW], [BW, SW, RP],
nd finally, the combination of [BW, SW, RP, TP]. Underneath each
isfit map, we plotted the confidence curve (Tape & Tape 2016 )

or a fixed magnitude (from the optimal value of M w 5.44) and a
nifor m random g rid. Specifically, the probability density function
s expressed as: 

p( M ) = 

s( M ) ∫ 
M 

s( M ) dM 

, where s( M ) = exp 

(
−C ( M ) 

2 σ 2 

)
, (9) 

here M 0 is the best-fitting moment tensor, and M represents the
ample space. 

The parameter σ represents the estimated standard deviation of
he data errors, which is estimated dif ferentl y for w aveform and
olarity data. For waveform misfits, it is determined by evaluating
he standard deviation of the residual of the best-fitting solution. For
olarity data, σ is estimated via a Beta-binomial update that incor-
orates the frequency of observed polarity mismatches. We begin
ith an uninformative Beta(1 , 1) prior on the mismatch probabil-

ty, which is then updated to a posterior distribution based on the
umber of observed mismatches. This procedure regularizes the es-
imate of σ by incorporating prior uncertainty and thereby prevents

from collapsing to zero. When combining misfits from different
ata groups, we normalize each misfit by dividing it by the norm
f its corresponding observed data vector, then take the arithmetic
ean of these normalized misfits. The total variance is obtained by

umming the individual variances, each scaled by its corresponding
ata norm. 

As we add data constraints, the area of low misfit reduces,
hereby lowering the uncertainty of the results (Fig. 10 ). This im-
acts the shape of the confidence curves, which e volve tow ards a
-like shape having a larger area under the curve and, hence, a

arger confidence parameter P AV . Although polarities alone may
ot be sufficient to determine a unique best-fitting solution, they
ignificantly contribute when combined with waveform data (Ford
t al. 2012 ; Chiang et al. 2014 ; Alvizuri et al. 2018 ; Chi-Dur án
t al. 2021 , 2024 ). Moreover, including both regional and tele-
eismic polarities appears beneficial, as the rightmost misfit map
Fig. 10 ) has the narrowest and tightest low misfit region of all maps
even though the confidence parameter only increases marginally
hen including teleseismic polarities). The complete set of fig-
res for the 5 inversions can be found in supplementary Figs S14
o S25 . 

It is helpful to visualize variations in station attributes on a map,
llustrating how azimuths, distance or site effects might affect the
nversion outcome. The time-shift maps in Fig. 11 highlight the
eed for time-shift corrections, as all the paths crossing the Sea of
apan require up to −30 s time-shifts in the MDJ2 model, which
s consistent with observations in Dreger et al. ( 2021 ). Notably,
a yleigh wa ve time-shifts demonstrate strong azimuthal coherence
cross the Sea of Japan, whereas Love wave time-shifts show more

https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf080#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggaf080#supplementary-data
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Figure 8. Misfit maps for the moment tensor inversion using CMA-ES for the 2017 DPRK nuclear event. On the left, misfit values are plotted over the 
eigenvalue lune (Fig. 2 c). The misfit values are binned into regularly spaced cells, and only the minimum misfit value in each cell is shown, considering all 
possible magnitudes. The right panels display the orientation of the best-fitting moment tensor, represented by the three principal axes: U = [ u 1 , u 2 , u 3 ] . The 
scatter of all sampled principal axes from the 11 520 CMA-ES samples is coloured by misfit, with the principal axes of the best-fitting tensor highlighted by 
solid white circles. The centre of each beachball is marked by a white cross for reference. The vector u 1 is the T-axis, u 2 is the B-axis and u 3 is the P-axis. For 
this inversion, the best-fitting magnitude is M w 5 . 44 , the depth is fixed to 1 km, and the assumed Earth model is the MDJ2 model. 
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v ariability. This v ariation in Love w ave time-shifts might be at- 
tributed to the generally lower signal-to-noise ratio in the horizontal 
components of the waveforms or to the higher sensitivity to shallow 

cr ustal str ucture of Lov e wav es. 

4.3.4 Results for a point force 

The previous results demonstrate that an all-positive-eigenvalue 
moment tensor can fit the considered seismic data sets. Moti v ated 
by the ambiguity between shallow e xplosiv e-like moment tensors 
and a vertical downward force applied to the Earth’s surface in 
volcanic explosions (Kanamori & Given 1982 ), we perform a point 
force inversion of the DPRK nuclear test. Using the same data sets as 
in Section 4.3.3 , we perform a grid search over all force orientations, 
with a force amplitude in the range of 10 [10 , 14] Newtons, with the 
exponent v arying b y 0.1 increments, and again at a fixed depth of 
1 km and assuming the MDJ2 1-D Earth model. Since the point 
force grid is much smaller than the full moment tensor grid, using 
CMA-ES here is less advantageous, and we can directly search with 
a fine amplitude increment instead. 

The waveform fits obtained from the joint inversion of [BW, SW, 
RP, TP] and associated misfit maps are shown in the Supplementary 
Figs S29 and S30 . The source that best fits the data set is a down- 
ward force, with waveform fits that are qualitati vel y comparable 
to the moment tensor solution (albeit a higher absolute waveform 

misfit). 
This result suggests that these two models—moment tensor and 

point force—can both explain the seismic recordings from anthro- 
pogenic explosions and from volcanic explosions, as documented 
by Thurin & Tape ( 2023 ) for the Hunga Tonga-Hunga Ha’apai 
volcanic eruption. The canonical models (moment tensor, force) 
in their respective fields contribute to this ambiguity. The main 
feature that distinguishes these two models are the near-field, 
high-frequenc y wav eforms, aese two models are the near-fieldnd 
the Lov e wav e radiation patterns: two-lobed for a point force 
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Figure 9. Waveform misfit plot for the 2017 DPRK nuclear event. The best-fitting moment tensor has a source type with lune longitude γ = −26 ◦ and lune 
latitude δ = 64 ◦, as shown in Fig. 10 [BW ,SW ,RP,TP]. A subset of waveforms from 15 out of 31 stations is displayed. See Section 4.3.3 for details. 
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Figure 10. The influence of different data types on the moment tensor estimated for the 2017 DPRK nuclear event. Each eigenvalue lune (Fig. 2 c) shows 
the waveform misfit for a different combination of data. The best-fitting solution for each map is depicted by a green circle. The four data sets considered 
are BW = body waves, SW = surface waves, RP = regional first-motion polarities and TP = teleseismic first-motion polarities. The five misfit maps display 
combinations of these data sets, ranging from body waves only (left) to all four combined (right). In each map, the misfit is normalized by the corresponding 
data norm used in the inversion. Equal weights are assigned to each data group to ensure balanced contributions in the joint inversions. For example, when all 
four data groups are used, the corresponding misfit weights are [0.25, 0.25, 0.25, 0.25]. Below each misfit map is plotted the corresponding confidence curve 
over the solution space volume V , as described in Tape & Tape ( 2016 ). Waveform fits for each case can be found in Supplementary Figs S14 to S25 , with a 
subset for the joint inversion [BW ,SW ,RP,TP] displayed in Fig. 9 . 
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(Kanamori et al. 1984 ) and four-lobed for a moment ten- 
sor. In practice, resolving this ambiguity is challenging due to 
limited data availability and to the weak amplitudes typically 
associated with shallow e xplosiv e sources. Note that the two con- 
ceptual models have been combined into a compound source model 
in Hu et al. ( 2024 ), where a vertical force and an isotropic moment 
tensor source are shown to explain the main seismic source of the 
2022 Hunga Tonga volcanic sequence, highlighting the interest in 
discriminating source models in complex geophysical settings. 

5  D I S C U S S I O N  

We presented three distinct applications: an earthquake, a land- 
slide event, and an underground nuclear explosion. The first two 
cases draw directly from the examples packaged with the software 
itself, while the third case illustrates a more involved w orkflo w, 
combining multiple software elements in a new way to understand 
the contributions from different data types to overall seismic source 
constraints. 

Layered (1-D) models often produce satisfactory results within 
the context of the CAP method (particularly if using long-period 
data), but their limitations become evident when large time-shifts 
are required to align observed and synthetic waveforms at spe- 
cific stations or azimuthal ranges, as seen for stations across the 
Sea of Japan in the DPRK test (Fig. 11 ). These large time-shifts 
highlight the inadequacy of using a single 1-D model in cap- 
turing all path-dependent effects. Although manual adjustments 
can mitigate these issues, they underscore the need for more so- 
phisticated modelling approaches. MTUQ is compatible with 3-D 

Green’s function databases derived from numerical solvers such as 
SPECFEM3D (or SEISGen for Strain Green’s functions), offering 
a pathway to improve forward modelling accuracy in regions with 
complex structures, where the importance of accounting for 3-D 
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Figure 11. Surface wave time-shift maps for the 2017 DPRK best-fitting moment tensor. A subset of the corresponding waveforms is shown in Fig. 9 . The 
azimuthal pattern in time-shifts reflects differences between the Earth structure in the assumed 1-D model (MDJ2) and the actual Earth structure. The significant 
ne gativ e time-shifts toward Japan indicate that the MDJ2 model—designed for the continental path to station MDJ—is too slow to accurately model fast 
propagation through oceanic paths. (a) Rayleigh wave time-shifts measured on the vertical and radial components. (b) Love wave time-shifts measured on the 
transverse component. 
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ffects has been well-demonstrated (Ramos-Mart ́ınez & McMechan
001 ; Liu et al. 2004 ; Covellone & Savage 2012 ; Hejrani et al. 2017 ;
akemura et al. 2020 ; Sawade et al. 2022 ) 
Previous studies and ongoing efforts have integrated 3-D Green’s

unctions with MTUQ using its existing interfaces, both for source-
ide moment tensor inversions (Rodriguez Cardozo et al. 2022 ;
cPherson et al. 2023 ) and for receiver-side moment tensor inver-

ions (Ding et al. 2021 ), which requires saving the time-dependent
olumetric wavefield within a target source region. These studies
av e lev eraged 3-D Green’s functions to validate e xpected improv e-
ents, including better waveform fits, reduced time-shifts, and mo-
ent tensor solutions that align more closely with double-couple
echanisms for tectonic earthquakes. 
Ho wever , one challenge with many existing 3-D Earth models is

hat they rely predominantly on long-period seismic data, and higher
esolution models need to be developed to improve waveform fit-
ing in the 15–40 s period range rele v ant for most regional moment
ensor applications. Another challenge is the relati vel y limited un-
erstanding of how uncertainties in 3-D Earth models propagate
nto moment tensor solutions. While model uncertainties have been
tudied in 1-D contexts (Yagi & Fukahata 2011 ; Duputel et al. 2014 ;
h a . m & Tka ̆lci ́c 2021 ), their treatment in 3-D inversion frameworks

s under active study (Pham et al. 2024 ). Future work in this area
s critical to ensure that the improved accuracy provided by 3-D
odels is accompanied by robust uncertainty quantification. A sec-

ndary advantage of incorporating 3-D Earth models is the potential
o reduce tradeoffs between the centroid and time-shifts. Working
irectly with 3-D models should improve joint inversions of cen-
roid and source mechanism parameters (Takemura et al. 2020 ; Ding
t al. 2021 ). 

Another key aspect of MTUQ is its compatibility with multi-
le inversion strategies, allowing users to go beyond exhaustive
rid searches for parameter estimation. While grid searches pro-
ide a complete exploration of the parameter space, they become
omputationall y expensi ve as the dimensionality of the problem in-
reases. For example, performing a joint inversion of source param-
ters and centroid locations dramatically expands the search space.
lternativ e optimization strate gies like the CMA-ES or HMC of-
er significant computational advantages: CMA-ES can be used
s an efficient alternative to grid search when parallel computa-
ional resources are not available. These methods, already inte-
rated into MTUQ via compatible plug-ins, are well-suited for
xploring misfit spaces with a few dozen of parameters. Pairing
hese global optimization approaches with refined grid searches,
s illustrated in Case 3 (Section 4.3 ), enables users to focus com-
utational efforts on the most promising regions of the parame-
er space. These efficient techniques provide opportunities to ex-
lore novel applications, such as multi-ev ent inv ersions or real-time
onitoring. 
Another promising avenue for future development lies in expand-

ng MTUQ’s capabilities to handle compound sources (combina-
ions of moment tensor and single force). This extension would po-
entially allow the framework to discriminate ‘e xotic’ ev ent types—
uch as shallow volcanic explosions, landslides or exotic anthro-
ogenic sources—from regular earthquakes. Such a compound
ource model has been used to invert a potential model for the 2022
ruption of the Hung a Tong a volcano (Hu et al. 2024 ) and would
nhance MTUQ’s ability to deal with data from complex geophys-
cal processes. These developments are important for improving
ource discrimination in challenging scenarios where mixed source
echanisms contribute to the observed seismicity, such as volcanic

ruptions with mass movements or shallow explosions producing
econdary collapses. 

 C O N C LU S I O N  

e have re vie wed the design and capabilities of MTUQ, an open-
ource software package for seismic source estimation and uncer-
ainty quantification. Through three test cases, we illustrated how
he code can be applied to moment tensor and point source esti-

ation problems. Other recent efforts have illustrated additional
apabilities and use cases, such as for earthquake seismology (Ma-
anta et al. 2024 ), planetary seismology (Maguire et al. 2023 ), and
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volcano seismology (Kintner et al. 2022 ; Thurin et al. 2022 ; Thurin 
& Tape 2023 ). 

We aim to continue adding features, such as better ways of ac- 
counting for data and model covariance, support for compound 
sources (combinations of force and moment tensors), and the abil- 
ity to model multiple moment tensors from different locations with 
slight time-shifts to capture multi-event or subevent scenarios. We 
also hope to continue offering virtual and hybrid workshops to at- 
tract and sustain MTUQ users. Pre vious ef forts include the 2022 
MTUQ virtual workshop and the tutorials at the 2024 SCOPED 

workshop (Denolle et al. 2025 ). 
In summary, MTUQ provides a flexible source inversion toolbox 

aimed at both research and operational applications. For reference, 
the data sets and scripts used for Cases 1 and 2 above are bundled 
directly with the package. 
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DATA  AVA I L A B I L I T Y  

(i) Scripts for reproducing the grid-search results and fig- 
ures from Cases 1 to 3, along with the best-fitting moment ten- 
sor parameters, weight files, first-motion polarity picks, and data 
for Case 3, are available in the Zenodo collection at ( https: 
//doi.org/10.5281/zenodo.13868450 ). 

(ii) The github organization at https://github.com/mtuqorg con- 
tains the moment tensor code, MTUQ, including bundled data 
for Case 1 (Silwal & Tape 2016 ) and Case 2 (Karas özen 
& West 2024 ). MTUQorg contains other modules for MTUQ, 
including SeisHMC and SEISGen, for performing receiver- 
side source estimation using 3-D Strain Green’s functions 
(Ding et al. 2021 ). The module mtuq cmaes features the 
CMAES approach for sampling model parameter space (Sec- 
tion 4.3.2 ). The package Pysep was used for fetching ob- 
serv ed wav eforms and for pre-processing; it is available at 
https://github.com/adjtomo/pysep . 

(iii) Seismic waveform data used in this study are from the 
AK ( https://doi.org/10.7914/SN/AK), AT ( https://doi.org/10.791 
4/SN/AT ), AV ( https://doi.org/10.7914/SN/AV ), G ( https://doi. 
or g/10.18715/GEOSCOPE.G ), IC ( https://doi.or g/10.7914/SN/IC ), 
II ( https://doi.org/10.7914/SN/II ), IU ( https://doi.org/10.7914/SN 

/IU ), JP, KG,KS, TW ( https://doi.org/10.7914/SN/TW ), and YV 

( https://doi.org/10.7914/SN/YV 2006 ). These DOIs were last ac- 
cessed from https://www.fdsn.org/networks on March 2025. Wave- 
forms were obtained from the EarthScope Data Management Cen- 
ter. 

(iv) For the DPRK inversion (Section 4.3 ), we did not use the 
DB network stations featured in Wang et al. ( 2018 ), because we 
were unable to obtain the correct metadata needed to remove the 
instrument response. 
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